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What I will talk about

• Why quantizing gravity is hard: the wrong-sign kinetic term.

• A 2D toy model: spacelike vs timelike Liouville theory.

• Two recent preprints: a rigorous framework + exact computations.

The preprints

Chatterjee, S. (2025). Rigorous results for timelike Liouville field theory.
arXiv:2504.02348. (91 pages.)

Chatterjee, S. (2026). Exact calculations beyond charge neutrality in timelike
Liouville field theory. arXiv:2601.19097. (100 pages.)



Einstein’s equation (a reminder)

General relativity: geometry is a (Lorentzian) metric tensor gµν on spacetime.

Einstein’s equation (with cosmological constant):

Gµν + Λgµν =
8πG

c4
Tµν , Gµν := Rµν − 1

2Rgµν .

• Rµν : Ricci curvature, R: scalar curvature (built from g and its derivatives).

• Λ: cosmological constant (vacuum curvature scale/sign).

• Tµν : stress–energy tensor of matter; G Newton’s constant, c the speed of light.

Classical theory asks to solve a nonlinear PDE for g ; quantum gravity asks to integrate over g .



What does “quantizing” gravity try to do?
Heuristic goal: turn the metric g into a random object.

In quantum field theory one writes a “path integral”:∫
e iS(field)/ℏD(field),

and tries to extract correlation functions.

In gravity, the field is the metric:

∫
e iSEH(g)/ℏDg , SEH(g) =

∫
(Rg − 2Λ) volg .

(Rg is the Ricci scalar curvature, SEH stands for Einstein–Hilbert action, volg is the
volume form defined by g .)

Already at a purely analytic level: what is the measure Dg?



Why Euclidean quantum gravity has a “sign problem”

After Wick rotation (i.e., converting to Euclidean signature) one would like a probability
measure

e−SEH(g)Dg .

But under a conformal change g = e2φ ĝ , the Euclidean Einstein–Hilbert action contains

SEH(e
2φĝ) = · · · − c

∫
|∇φ|2ĝ volĝ + · · · , c > 0.

So SEH is unbounded below ⇒ e−SEH is not integrable. The quadratic term with the
“wrong sign” suggests a “Gaussian field with negative variance”. (Think of a
probability measure on R with density proportional to ex

2
instead of e−x2 ; which,

obviously, does not make sense.)

Gibbons, Hawking, & Perry, Path integrals and the indefiniteness of the gravitational action, Nucl. Phys. B (1978).



Why 2D is special

In 2D, conformal geometry is extremely rigid.

On a surface, every metric is locally conformal to a reference metric g0:

g = e2ϕg0.

In Polyakov’s formulation of 2D quantum gravity:

• integrate over metrics modulo diffeomorphisms,

• fix a conformal gauge and reduce to a scalar field ϕ,

• the resulting action is the Liouville action.

• A “spacelike” version of the Liouville action, designed to avoid the “sign problem”,
will be displayed in the next slide.

This is a rare setting where “integrating over geometries” becomes a scalar-field problem.

Origins: Polyakov (1981); David (1988); Distler–Kawai (1989).



Spacelike Liouville / Liouville quantum gravity (LQG)
Spacelike Liouville is the mathematically tractable sign choice:

Ispace(ϕ) =
1

4π

∫ (
|∇ϕ|2g0︸ ︷︷ ︸

positive kinetic term

+QRg0ϕ+4πµe2bϕ
)
volg0 , Q = b+

1

b
.

• The positive kinetic term makes ϕ a (real) Gaussian free field (GFF).

• In other words, we have flipped the sign so that the Gaussian part becomes a
probability law.

• The random area form is built from Gaussian multiplicative chaos (GMC).

• Many exact predictions are now theorems (KPZ, DOZZ, bootstrap, . . . ).

Kahane (1985); Duplantier–Sheffield (2011); David–Kupiainen–Rhodes–Vargas (2016); Miller–Sheffield (2016,
2017); Kupiainen–Rhodes–Vargas (2020); Ding–Dubedat–Dunlap–Falconet (2020); Gwynne–Miller (2021);
Guillarmou–Kupiainen–Rhodes–Vargas (2024); Chatterjee–Witten (2025); ...



The problem of negative curvature

The problem with spacelike Liouville theory is that its semiclassical limit gives rise to
negative curvature metrics.

This is unrealistic because general relativity predicts positive curvature.

Positive curvature seems to be impossible to get in the semiclassical limit of a quantized
theory of gravity if we avoid the wrong sign in front of the kinetic term.

Semiclassical limit of spacelike Liouville by Lacoin–Rhodes–Vargas (2022)



Timelike Liouville: keeping the “wrong sign”

Timelike (a.k.a. imaginary) Liouville is obtained by keeping the kinetic term with a negative sign:

Itime(ϕ) =
1

4π

∫ (
−|∇ϕ|2g0︸ ︷︷ ︸
wrong sign

+ QRg0ϕ + 4πµe2bϕ
)
volg0 , Q = b − 1

b
.

Semiclassically, this sign flip is supposed to lead to positive curvature metrics, as required by
Einstein gravity.

Mathematical consequence: the path-integral weight is not a probability measure; one needs a
theory of Gaussian measures with negative variance.

Physics: Schomerus (2003); Zamolodchikov (2005); ; Kostov–Petkova (2006); Harlow–Maltz–Witten
(2011); Giribet (2012); Anninos et al. (2021); Collier et al. (2024); Math: Guillarmou–Kupiainen–Rhodes
(2025); Chatterjee (2025, 2026); Usciati–Guillarmou–Rhodes–Santachiara (2025).



Timelike Liouville action on the 2D unit sphere

Specializing to S2 with the round metric g0 as the reference metric, the action for
timelike Liouville theory is:

I (ϕ) :=
1

4π

∫
S2

(
− |∇ϕ|2g0 + 2Qϕ+ 4πµe2bϕ

)
volg0 , Q = b − 1

b
.



Correlation functions and vertex operators

For complex parameters α1, . . . , αk and distinct points x1, . . . , xk ∈ S2, the k-point
function is formally

C (α, x ; b, µ) :=
∫ ( k∏

j=1

e2αjϕ(xj )
)
e−I (ϕ)Dϕ.

There is a formula the 3-point function, predicted in the physics literature in the
mid-2000s, known as the timelike DOZZ formula.

The derivation is based on heuristic assumptions; in particular, physicists do not know
how to prove this formula starting from the path integral.

Question posed to me by Edward Witten in 2023: Find a proof of the timelike DOZZ
formula starting from the path integral. This has been partially resolved in the two
preprints, but there is still a long way to go.

Schomerus (2003); Zamolodchikov (2005); Kostov–Petkova (2006); Harlow–Maltz–Witten (2011).



Splitting off the zero mode
Write the field as

ϕ = c + X , c :=
1

4π

∫
S2

ϕ volg0 ,

where X has mean zero, and c = c(ϕ) is the zero mode of ϕ. Formally this gives

C (α, x ; b, µ) =
∫ ∞

−∞
e−2wbc C (α, x ; b, µ, c) dc,

with w := (Q −
∑k

j=1 αj)/b , and

C (α, x ; b, µ, c) :=
∫ ( k∏

j=1

e2αjX (xj )
)
e−Ic (X )DX ,

Ic(X ) :=
1

4π

∫
S2

(
− |∇X |2g0 + 4πµe2bc+2bX

)
volg0 ,

and DX denotes integration over all fields with c(X ) = 0.



The charge-neutral (integer screening) regime

Expanding the interaction produces a Coulomb-gas series for fixed c :

C (α, x ; b, µ, c) =
∑
n≥0

(−µe2bc)n

n!
an(α, x),

where an are n-fold integrals over S2 (or C after stereographic projection).

When w is a positive integer, one can (morally) extract the full correlation function
from a single term in the series and obtain explicit formulas.

This is known as the charge neutral or integer screening regime.

Outside charge neutrality, w is non-integer (often purely imaginary in the physical
regime), and both the series and the c-integral become much harder to control.



What has been built rigorously in the two preprints?

Two intertwined issues:

• Wrong-sign Gaussianity. The kinetic term suggests a Gaussian field with negative
covariance. One must define a consistent “expectation” and (crucially) prove it
gives real values on natural real observables.

• Zero-mode integration. Even if fixed-c objects are well-defined, the integral over c
needs a contour/regularization.

arXiv:2504.02348 builds the wrong-sign Gaussian calculus and proves real-valued
correlation functions, Coulomb-gas formulas and the timelike DOZZ formula in the
charge-neutral (integer screening) regime (and also semiclassical limits).

Open problem: do anything comparably explicit beyond charge neutrality (w /∈ Z>0).
arXiv:2601.19097 gives a first partial answer at an integrable point (b2 = 1

2) via exact
evaluation.



Wrong-sign Gaussians in 1D: contour rotation

A genuine random variable cannot have Var(X ) = −1. But for analytic test functions
one can define a consistent Gaussian linear functional by Wick rotation:

E−[f (X )] :=
1√
2π

∫
R
f (iy) e−y2/2 dy = E[f (iZ )], Z ∼ N(0, 1).

For polynomials this gives Wick’s rule with “negative variance”:

E−[X
2n] = (−1)n(2n − 1)!!, E−[X

2n+1] = 0,

and the wrong-sign integration by parts: E−[Xf (X )] = −E−[f
′(X )].

Subtlety: E− is not a probability expectation; even when f is real on R, E−[f (X )] is a
priori complex and can depend on the chosen contour.

Analogy: the conformal factor in Euclidean gravity is often treated by a similar contour rotation
(Gibbons–Hawking–Perry, 1978).



A new ingredient in arXiv:2504.02348: real expectations by Schwarz
reflection

The wrong-sign kinetic term forces a contour-rotated Gaussian calculus.A key point is
that real-valuedness is not automatic: even if an observable is real on real fields, a
wrong-sign expectation could a priori be complex and therefore unphysical.

“Reality” lemma (from arXiv:2504.02348). Define E−[f (X )] := E[f (iZ )] with
Z ∼ N(0, 1). Assume f is entire on C and real-valued on R. Then by the Schwarz

reflection principle, f (z̄) = f (z) for all z . But Z is symmetrically distributed around
zero. Thus,

E−[f (X )] = E[f (iZ )] = E[f (−iZ )] = E[f (iZ )] = E−[f (X )].

We conclude that E−[f (X )] is real. Extends to higher dimensions by induction.

In the paper: this Schwarz-reflection idea is lifted to renormalized vertex operators of
the (imaginary) GFF, yielding real timelike Liouville correlation functions (in the
charge-neutral regime where the path integral is controlled).



From finite-dimensional to fields

The preprint develops an analogous calculus for Gaussian fields with negative covariance:

• defines a distributional “expectation” for the imaginary GFF;

• defines Wick/normal ordering and vertex operators consistently;

• proves the correct analytic continuation and reality statements (Schwarz
reflection), and explain pitfalls of naive continuations.

Goal: make the timelike path integral into a well-defined multilinear functional on
observables (in an explicit region of parameter space).



Coulomb-gas formula for k-point functions

Theorem (arXiv:2504.02348, Thm. 1.3.1.)

Assume k ≥ 3, Re(αj) > −1/2b, and w = (Q −
∑k

j=1 αj)/b ∈ {1, 2, 3, . . . }.
Let zj be stereographic projections of xj onto C. Then

C (α; z ; b, µ) = e−iπw µw

w !
(4/e)1−1/b2

∏
1≤j<j ′≤k

|zj − zj ′ |4αjαj′

×
∫
Cw

( k∏
j=1

w∏
ℓ=1

|zj − tℓ|4bαj

)( ∏
1≤ℓ<ℓ′≤w

|tℓ − tℓ′ |4b
2
)
d2t1 · · · d2tw .



Timelike DOZZ formula (charge-neutral region)

For k = 3 the Coulomb-gas integral can be evaluated using complex Selberg integrals,
yielding an explicit formula in terms of the Dorn–Otto special function Υb.

Theorem (arXiv:2504.02348, Thm. 1.3.2.)
Up to a b-dependent overall factor, one gets the timelike DOZZ formula:

C (α1, α2, α3; z1, z2, z3) = C (b, µ)·Υb(bw + b)

Υb(b)

3∏
j=1

Υb(2αj + bw + 1/b)

Υb(2αj + 1/b)

∏
1≤j<k≤3

|zjk |2∆jk ,

with w = (Q − α1 − α2 − α3)/b (an integer in this theorem) and explicit ∆jk , C (b, µ).

A key point: simply substituting b 7→ ib into the spacelike DOZZ formula does not give
the correct timelike answer.

This formula was predicted via heuristic arguments by Schomerus (2003), Zamolodchikov (2005), and
Kostov–Petkova (2006).



Semiclassical limit: recovering (2D) Einstein/Liouville equations

Novel in arXiv:2504.02348: a rigorous semiclassical limit, with positive curvature,
for timelike Liouville in a controlled regime.

In the semiclassical limit b → 0, take heavy insertions

αj =
α̃j

b
, µ =

µ̃

b2
,

with α̃j , µ̃ fixed. Then the path integral concentrates near critical points of an effective action.
The corresponding Euler–Lagrange equation is a Liouville-type equation with point sources:

−∆S2ψ + 2µ̃ e2ψ = 2π
k∑

j=1

α̃j δxj + (constant).

In the timelike case, dominant critical points are typically complex-valued (reflecting the sign
problem), but the induced semiclassical geometry has positive curvature.



A geometric reading

Writing g = e2ψg0 (with g0 the round metric), the scalar curvature transforms as

Rg = 2e−2ψ
(
1−∆g0ψ

)
.

So the semiclassical equation is a constant-curvature condition with conical singularities
at the insertions: distributionally one can write

Rgg = 8πµ̃g + 8π
k∑

j=1

α̃j δxj .

In 2D, vacuum Einstein is essentially “constant curvature”; arXiv:2504.02348 makes this
positive-curvature semiclassical picture rigorous for timelike Liouville. (Contrast: spacelike
semiclassics give negative curvature.)



Why go beyond charge neutrality?

Charge neutrality requires w ∈ Z>0 (an integer number of “screenings”). But in the
physically relevant regime one takes

αj =
Q

2
+ iPj , Pj ∈ R,

for which w is typically non-integer (already purely imaginary for k = 2).

Before arXiv:2601.19097, doing any rigorously controlled, path-integral-based
computation (or even a qualitative understanding) in this non-integer regime was
essentially open.

arXiv:2601.19097 makes partial progress by exploiting an integrable point (b2 = 1/2) to
compute a family of observables beyond charge neutrality (including physical two-point
and resonant three-point setups).



Why b2 = 1
2 is special: determinantal structure

Fix the zero mode c and expand the interaction:

C (α, x ; b, µ, c) =
∑
n≥0

(−µe2bc)n

n!
an.

After stereographic projection, the n-fold integrals contain an interaction factor∏
1≤i<j≤n

|zi − zj |4b
2
.

At b2 = 1
2 this becomes ∏

i<j

|zi − zj |2 = |∆(z1, . . . , zn)|2,

the squared Vandermonde determinant, unlocking random-matrix/orthogonal-polynomial
techniques. This is the source of explicit computability beyond the integer-screening
regime.



Fixed-zero-mode partition function: Mellin–Barnes + Barnes G

(arXiv:2601.19097, Thm. 2.1.)

At b = 2−1/2, the zero-point function with zero mode fixed to c admits a Mellin–Barnes
representation:

C (2−1/2, µ, c) =
1

2π

∫ ∞

−∞
Γ(1− iy) f (−1 + iy) (µe

√
2 c)−1+iy dy ,

where f is an explicit analytic function built from the Barnes G -function.

This representation comes from (i) explicit evaluation of the an via a determinantal trick,
and (ii) resummation by Mellin transforms.



Renormalized partition function and contour dependence

(arXiv:2601.19097, Thm. 2.2–2.3.)

Integrating over the zero mode is not absolutely convergent. Using Gaussian
regularization,

Cε =

∫ ∞

−∞
e
√
2c−εc2/2 C (2−1/2, µ, c) dc, C = lim

ε→0
Cε,

one obtains the explicit renormalized value of the partition function:

C (2−1/2, µ) =
e

4π
√
2µ



One-point function beyond charge neutrality at b = 2−1/2

(arXiv:2601.19097, Thm. 2.4–2.6.)

For k = 1 the fixed-zero-mode one-point function has a Mellin–Barnes representation of
the form

C (α; b = 2−1/2, µ, c) =
1

2π

∫ ∞

−∞
Γ(−w − iy) f (w + iy) (µe

√
2 c)w+iy dy ,

with w = −1−
√
2α and explicit f involving Barnes G .

Even when no “standard” physics prediction is available, the path integral becomes
computable at this point.



Two-point function in the physical regime: a distributional limit

(arXiv:2601.19097, Thm. 2.10.)

Take the antipodal two-point setup and the physical parameters

α1 =
Q

2
+ iP1, α2 =

Q

2
+ iP2, (b = 2−1/2, Q = −2−1/2).

Then the regularized two-point function converges (as ε→ 0) to a distribution:

C (P1,P2) = π e1/4+2P2
1 δ(P1 + P2).

This gives a rigorous, path-integral-based computation of a timelike two-point function
outside charge neutrality. This result is new even to the physicists.



A resonant three-point function and a genuine pole

(arXiv:2601.19097, Thm. 2.12–2.13.)

In a three-point setup, we take α2 = b = 2−1/2, with α1, α3 arbitrary.

The regularized three-point function behaves like

Cε ≍ ε−w × (explicit nonzero constant),

so it blows up as ε→ 0. This matches the physics prediction that the 3-point function

has a pole at α2 = b = 2−1/2.

Why is a pole interesting? The poles of the 3-point function are of particular interest,
since they play a role in the notion of operator resonances in conformal perturbation
theory. In that framework, resonances are reflected in poles of correlation functions as
parameters cross special “resonant” values.

Operator resonances were introduced in conformal field theory by Zamolodchikov (1991).



Summary

• The wrong-sign kinetic term is a central analytic obstruction in Euclidean quantum
gravity.

• General relativity wants positive curvature, but to get positive curvature from a
quantize theory, we have to deal with random variables with negative variance!

• Timelike Liouville is a 2D toy model that keeps this feature. Spacelike LCFT/LQG,
extensively studied by mathematicians, flips the sign to get a probability measure,
at the cost of getting negative curvature geometries in the semiclassical limit.

• arXiv:2504.02348: rigorous theory of Gaussian variables with negative variance;
Coulomb-gas and timelike DOZZ in the charge neutral regime; positive-curvature
semiclassical limits.

• arXiv:2601.19097: partial progress beyond charge neutrality; at b2 = 1
2 one gets

exact partition/one-point formulas and (in particular) a physical two-point function
(delta-normalization) and resonant three-point poles.


