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This tutorial consists of four lectures:
1. A new method of normal approximation
2. A new approach to strong embeddings
3. Spin glasses and Stein’s method
4. Stein's method for concentration inequalities

Sourav Chatterjee Stein’s method in concentration inequalities, spin glasses, random matrices,



A new method of normal approximation

Sourav Chatterjee (UC Berkeley)

Sourav Chatterjee A new method of normal approximation



Central limit theorems

» Classical CLT: If Xi,..., X, are independent random variables with
zero mean and finite variance and (...), then

1 n
77 2%

has a gaussian distribution in the limit.
» Often, the X;'s need to be only approximately independent.
» Many ways to prove such results, e.g.
1. Characteristic functions
Martingales & Skorohod embeddings
Little blocks, big blocks
Stein’s method (and variants)

Hajek Projections
. Specialized techniques for special problems

oo AW

. but they all require luck, and often, very hard work.
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An example from statistics

» Let Xi,...,X, bei.i.d. random d-vectors.
> Let

f(Xl,...,X,,):%Zf;, (1)

where f; is a function of X; and its k nearest neighbors in the set
{ X1y, Xp}
» Data might lie on a complicated lower-dimensional manifold.

> Specific example (Levina & Bickel '05): Unbiased estimate of the
dimension of the manifold.

» Routine question: How to find normal approximation bounds for
f(X1,...,X%,)?
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An example from statistics

» Routine answer: Intuitively plausible; low dependence at
distances, etc. But...

> ... technical nightmare, specially for general manifolds.

» Deeper issue: Why can’t we prove such a plausible result in our
sleep?
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Another example: Linear statistics of random eigenvalues

> Let A= (ajj) be a real symmetric random matrix of order n, with
i.i.d. entries on and above the diagonal.

» Let A1,..., A\, be the eigenvalues of n~1/2A.

> Let f be any function on R and let W =3"" | f();). This is called
a “linear statistic of the eigenvalues of A”.

» Mysterious fact (Sinai & Soshnikov): Under some smoothness
assumptions on f, Var(W) converges to a positive limit o2 as
n — oo. Moreover, W — E(W) converges in law to N(0, 0?).
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Linear statistics contd.

» Similar results hold for sample covariance matrices (Bai &
Silverstein), random unitary matrices (Diaconis & Evans), and other
ensembles (e.g. Rider & Virag).

» These are examples where the usual methods of normal
approximation do not work. May be we don't understand everything
about normal approximation?
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v

If Z ~ N(0,1), then E(x(Z)Z) = E(£'(Z)) for all .
Stein's idea: If E(o(W)W) = E(¢'(W)) for many ¢'s, then W is
approximately N(0,1).

v

» Many variants, e.g.

» Exchangeable pairs
Zero bias couplings
Size bias couplings
Generator approach
Dependency graphs

vy vy vy

» Common complaint: Hard to apply to arbitrary problems.
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A conceptual insight

» Define

Sp(W) = sup{|E(o(W)W — o' (W))| : [[¢'(W)]lp < 1}.

» From Stein's lemma: dry (W, Z) <2S5,(W) for every p > 1.
(Recall: drv(X,Y) =sup, |P(X € A) —P(Y € A)|.)

Theorem
If W has mean zero, unit variance, and density p, then
Sp(W) = [[A(W) — Eh(W)]lq,
where
> d
hx) = Jo yoly) v
p(x)
1,1 _
and ste= 1.
» This shows that approximate normality of W = concentration of
h(W).
» Proof is based on LP-L9 duality from functional analysis.
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» Concentration problems, unlike normal approximation problems, are
transferable via conditional expectation. That is, if we can write

h(W) = E(T | W),
where T is a an explicit object arising from the given problem, then

[1h(W) —EA(W)llq < [T —ETlq.
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This might wake you up...

Theorem

Suppose W = f(Xi,...,Xy), where X;'s are i.i.d. N(0,1), and f is
smooth. Assume E(W) =0 and E(W?) = 1. Let Z be a vector of n
i.i.d. standard gaussians and define T : R" — R as

2Vt

Then h(W) = B(T (X4, ..., X,) | W).

T(x)::ii(x)Al E( (Ve VI E2) )

(Recall: This implies that drv (W, N(0,1)) < 24/Var(h(W)).)
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Simple examples

i XP—n i XP
V2n n
Y XiXis1 | 1 2 XE+X2a
= =) Xici+ X
Jn on ;( 1+ X)) + o
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Sketch of proof

> his characterized by E(p(W)W) = E(¢' (W)h(W)).
» Suffices to show E(p(W)W) = E(¢' (W) T(X)).
» Let Xt =/tX++1—tZ. Then

E(p(W)W) = E(o(W)(f(X*) = £(X)))

= ]E(go(W) /01 if(Xt)dt).
> Note that
%f(Xt) - Z;(z)fﬂ - 2\/%) a%f(xf).
» Proof is completed by a sequence of tricky integration-by-parts steps.

Sourav Chatterjee A new method of normal approximation



How does one bound Var(T) in general?

Answer: By the gaussian Poincaré inequality. If Xi,..., X, are i.i.d.
N(0,1), and T : R"” — R is absolutely continuous, then

Var(T(X1,..., X)) <E|VT(X1,..., X))

(Recall: VT = (0T /0x1,...,0T/0x,) is the gradient of T.)
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A general result

> Let L(c1, &) be the class of probability measures on R that arise as
laws random variables like h(Z), where Z ~ N(0,1) and h € C3(R)

satisfies
[h'(x)] < ¢ and |h'(X)] < .

> Let L be the class of all distributions that belong to L(¢i, ¢;) for
some finite ¢;, ¢.

> In the next slide, we have a general normal approximation theorem
for smooth functions of independent r.v.'s with laws in L.
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Only for the professionals...

Theorem

Let X = (Xy,...,X,) be a vector of independent random variables in
L(c1, ) for some finite c1, c,. Take any g € C?(R") and let Vg and
V2g denote the gradient and Hessian of g. Let

n ag 4\ 1/2
=(E

o ( ’Z:; 8x,- ) ’
k1= (E[Vg(X)|[H)"*, and
Ko = (B[|V2g(X)|[*)"/*.

(X)

Suppose W = g(X) has a finite fourth moment and let 0® = Var(W).

Let Z be a normal random variable having the same mean and variance

as W. Then

2\/§(C1C2l-€0 + Cflilﬂz)
2

drv(W, 2) <
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Applications to linear statistics of eigenvalues

> If Ay,..., A, are the eigenvalues of a Wigner matrix with entries in
Land W =>3"",f(\), and let Z be a gaussian random variable
with the same mean and variance as W. Then

c(f)

o2\/n’

where C(f) is an explicit constant depending on f.

drv(W, Z) <

» For the sample covariance matrix given by a p x N data matrix of
i.i.d. entries, the corresponding bound is

C(f)(p A N)
o2N3/2

(Bai and Silverstein have shown that when p/N — «a € (0,1), o2
converges to a positive limit.)

» Works for Double Wishart matrices and Gaussian Toeplitz matrices
(new results).
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Part Il: Arbitrary functions of independent random variables
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v

Suppose X = (Xi,...,X,) is a vector of independent random
variables.

Let W = f(X) be an arbitrary function of X .
Let X’ be an independent copy of X.

v

v

» For each AC {1,...,n}, define the vector XA as
XA X ifieA,
! Xi ifigA
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> Let
AF(X) = f(X) — f(X).

(Recall: X = (Xq,. .., Xj—1, X!, Xjs1, - -, Xn).)

» Define

T(X,X') Z ZAf )AF(XA).
T2 A IAI (n—|A| jZA
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Our main result

Theorem
Suppose E(W) = 0 and let o> = E(W?). Then

W(e~tW, N(0, 1))

< /Var(E(T|W)) N 1

n
3
j=1

where W is the Wasserstein distance and T is defined as in the previous
slide.

(Recall: W(X,Y) =sup{|Ef(X) —Ef(Y)|: IfllLip < 1}.)
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Simplest example

» Suppose f(X) = n"Y/23""  X;. Then

n

TXX) = 5o 306~ X))

Jj=1

Thus, Var(T(X, X")) = O(n71).
» Also,

S_EIAF(X)P = Y EIX - X{P = O(n 1),
Jj=1 j=1

» Combining, we get an O(n~'/2) error bound.
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Quadratic forms

» Suppose Xi, ..., X, are i.i.d. symmetric +1-valued random variables.
> Let A = (aj) be a real symmetric matrix of order n.
> Let W =3, ;a;X;X; and 0® = Var(W) = 3 Tr(A?).
» Can compute: E(T|X) = JX*A%X.
Putting W' = (W — E(W))/o, we have

Tr(A%) 3/2

o< () 2554

Jj=

This is slightly stronger than the best known results (Rotar '73, Hall '84,
Gotze & Tikhomirov '99, '02).
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Proof of main theorem (brief sketch)

» Forany g, f, A and j € A,
E(Ag(X)A,f(X")
= E(g(X)if (X)) — E(g(X)A;£(X™))
= 2E(g(X)A;f(X™)) by exchangeability of (X;, X/).
» With g = @ o f, we have Ajg(X) =~ ¢'(f(X))A;f(X), and hence

E(o' (F(X))A;f(X)A,f (X))

N =

% (8g(X)D,f (X)) = E(p(f(X))A,f(X™)).

» Thus,
E(¢'(f(X)) T(X, X))

T

m— ZAfXA>

AI JjEA




Proof of main theorem (brief sketch)

» Now note that

|3 A (XY = F(X) (X)),

)(n— A) 2

which is just an algebraic identity.
» Thus,

E(¢ (F(X)T(X, X)) ~ Elp(F(X))(F(X) = F(X))]
= E(p(f(X)F(X)).

» Exact equality holds for ¢(u) = u, which gives
E(T(X,X")) = Var(f(X)) = o°.
> Thus, if Var(T(X, X")) is tiny, then
E(p(f(X))f(X)) = o*E(¢'(f(X))),
which shows that f(X) ~ N(0,0?).
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Again, how to bound Var(T) in general?

Very useful tool: Analog of Poincaré inequality, known as the Efron-Stein
inequality in the statistical literature.

Theorem (Efron-Stein inequality)

Let Z = f(Y1,..., Ym) be a function of independent random objects
Yi,..., Ym. Let Y/ be an independent copy of Y;, i=1,...,m.Then

Var(2)

1 m
< E;E[(f(Yl,...,Y,_h y’_/ ’_+1,,,.,Ym) — f(Yl’.“’ym))2]'
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A nearest neighbor problem

» Let Xi,..., X, bei.i.d. random variables lying on a nice manifold of
unknown dimension m.

» For a fixed k > 2, the Levina-Bickel estimate of m with tuning
parameter k is given by

1 =

X ok

(e n) @
=1

where Dy; is the distance between X, and its J*™ nearest neighbor.

» Under assumptions, My is consistent. How to prove a CLT?

» Existing results and techniques (Bickel-Breiman, Avram-Bertsimas,
Penrose-Yukich, etc.) provide no immediate help.
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A general nearest neighbor CLT

Theorem

Suppose X1, ..., X, are i.i.d. R?-valued random vectors such that

|[X1 — Xz|| is a continuous r.v. Fix k > 1, and suppose that for each i, f;
is a function of only X; and its k nearest neighbors, and

W = n=Y/23" .. Suppose for some p > 8, y, := max; E|f|P is finite.
Let 02 = Var(W) and W' = (W —E(W))/o. Then

O[(‘:/)3k4,y[2)/£7 a(d)3k3'yg/p

!
WW', N(0,1)) < € o2n(p—8)/2p o3n(p—6)/2p °

where a(d) is the minimum number of 60° cones at the origin required
to cover R?, and C is a universal constant.
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» Aim of the work: To reduce normal approximation problems to
technically manageable variance bounding exercises. Gives explicit
bounds.

» Variance bounds can be handled effectively by Poincaré or
martingale inequalities.

» Applications till now: random matrix eigenvalues, nearest neighbor
statistics, Komlés-Major-Tusnady strong embedding,
Sherrington-Kirkpatrick model of spin glasses, etc.

» Future plan: (1) Work on other examples that | have in mind. (2)
Find more applications. (3) Convince others to use the method.
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A new approach to strong embeddings
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Coupling of random walks with Brownian motion

> Suppose ¢1,&2,. .. are i.i.d. random variables with E(e;) = 0 and
E(e?) = 1. For each k, let

k
Sk = ZE,’.
i=1

» Goal is to construct a standard Brownian motion (B;):>o on the
same probability space so as to minimize the growth rate of

max ‘Sk - Bk|
1<k<n
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Skorokhod (1961), Strassen (1966): Start with (B;):>o, and
construct stopping times T; < T, < --- such that
> Br, has the same distribution as ¢;.
» Br,,Br, — Br,, Br; — Br,,- -+ arei.i.d. In other words, (Br, )x>1 has
the same law as (Sk)k>1.
» E(Tiy1— Ti | (Bt)i<t;) = 1 for each i.

Show that T, =~ k in an average sense, to bound
maxlgkgn |BT;< — Bk|

Strassen (1966) proved that

max |Br, — Bi| = O((nloglog n)'/*(log n)"?),

and conjectured that this is the best possible rate under E(e?) < oo.

Proved by Kiefer (1969).

Is it possible to improve, assuming stronger moment conditions on
the summands?
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The KMT embedding theorem

Indeed, yes. If €1 has a finite moment generating function in a
neighborhood of zero, then one can get

rpga,>7<|5k — Bk = O(log n).

Moreover, this is the best possible.

Theorem (Komlés-Major-Tusnady, 1975)

Let €1,¢e5,... be i.i.d. random variables with Eexp f|e1| < oo for some
0> 0. Let S5 := Zf-;l €j, k=0,1,... be the corresponding random
walk. It is possible to construct a version of the sequence (Sk)k>o0 and a
standard Brownian motion (B;):>o on the same probability space such
that for every n and every t > 0,

_ > < — At
P(rp§a,>7<|5k Bi| > Clogn+1t) < Ke ",

where C, K, and )\ do not depend on n.
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Further developments

» Numerous applications in both applied and theoretical problems.

» Invaluable for understanding fine properties of simple random walk,
e.g. in the works of Dembo-Peres-Rosen-Zetouni, Lawler, etc.

» There is a different KMT theorem for empirical processes, in the
same paper. Of great interest to statisticians.

> No version yet for the non-i.i.d. case.

» Original paper still considered to be very hard to read. We will give
a new (simpler?) proof for Bernoulli summands.
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first step

Lemma

Suppose €1,¢€,...,€, are i.i.d. symmetric +1-valued r.v. Let

S, = Zle g;j. Then it is possible to construct a version of S,, and a
gaussian r.v. Z, with mean 0 and variance n on the same probability
space such that for all t > 0,

P(|S, — Z,| > t) < Ke™ ™,

where K and )\ do not depend on n.

Question: Can we have a version of this in more complex normal
approximation problems?
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An abstraction

Lemma
Suppose W is a random variable with E(W) = 0 and E(W?) < co. Let
T be another random variable, defined on the same probability space as
W, satisfying

E(We(W)) = E(¢'(W)T)

for all Lipschitz p. Suppose | T| is almost surely bounded by a constant.
Then, given any o® > 0, we can construct Z ~ N(0,0?) on the same
probability space such that for any 6 € R,

o2

2 2 T— 2\2
Eexp(0|W — Z|) SQEexp(e(U)).

» Key idea, inspired by Stein’s method: 7 ~ ¢ = W is
approximately N(0,0?). | call T a Stein coefficient of W.

» However, classical Stein's method can only give bounds on
quantities like supscg [Ef (W) — Ef(Z)|, for various classes F. The
above result seems to be of a fundamentally different nature.
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» Suppose X is a random variable with E(X) = 0, E(X?) < oo, and
density p. Let
> d
hx) = S yr(y)dy
p(x)

» Then, by integration-by-parts, we have

E(Xp(X)) = E(¢'(X)h(X)).
Thus, h(X) is a Stein coefficient for X.

» Suppose Xi, ..., X, are i.i.d. copies of X, and let
W = n=1/23"" | X;. Then by the above result,

E(We(W)) = n"'2 Y E(Xip(W))

i=1

— n ST E(K(X)g (W)).
i=1

» Thus, n=1 3" h(X;) is a Stein coefficient for W.



A discrete example

» Suppose €1,...,e, are i.i.d. symmetric +1-valued r.v. Let
Sn =116

» Let Y ~ Uniform[—1,1]. Let W =5,+Y.
> Let )

1-Y

T=n-S5Y +
2

» It follows from a calculation involving integration-by-parts that for

all ¢,
E(We(W)) = E(¢'(W)T),

that is, T is a Stein coefficient for W.

Letting 0 = n, the abstract lemma tells us that it is possible to
construct Z ~ N(0, n) such that

201 2
Eexp(6|W — Z|) < 2 Eexp<29(T”)>.
n

Since T = n+ O(y/n), this proves the lemma.

Sourav Chatterjee A new approach to strong embeddings



A general class of examples

» Suppose X = (Xi,...,X,) be a vector of i.i.d. standard gaussian r.v.
» Let W = f(X), where f is absolutely continuous. Suppose
E(W) = 0.
» Let X' = (X{,...,X]) be an independent copy of X.
> Let

1 !/
[ it o

» Then, one can show that T is a Stein coefficient for W.

» This can be used, e.g., to prove CLTs for linear statistics of
eigenvalues of random matrices. (Different talk.)
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Proof of abstract lemma: Step |

» Recall setup: (W, T) is a pair of r.v. such that for all ¢,
E(We(W)) = E(¢'(W)T).
Given 02, we are trying to construct Z ~ N(0, ?) such that

20%(T — 02)2)'

o2

Eexp(d|W — Z|) < 2Eexp<

> Let (W) =E(T | W). Then for all ¢,
E(Weo(W)) = E(¢'(W)h(W)).

The function h characterizes the distribution of W via this equation.

» One can show that it suffices to construct (W, Z) such that
Z ~ N(0,0?) and for all § > 0,

Eexp(0|W — Z|) < 2 Eexp(26°(\/h(W) — 7)?).
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Step II: Construction of the coupling

Fix a function r : R2 — R.
For f € C3(R?), let

v

v

of OPf L0 _of  of
LF(x,y) i= h(x) 55 +2r(x,¥) :

OxOy to Oy? X ox 7y@'

v

Suppose there exists a probability measure i on R? such that for
all f,

Lf dp=0. (+)
]RZ

v

We will show that every choice of r that allows a u satisfying ()
gives rise to a coupling of W and Z.
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Step Il contd.

» Recap: we have p such that for all

() Lf dyu =0, where
]RZ
2 2 2
Lf(x,y):= h(x)—gxi +2r(x,y) o’f 20°f of of

OxOy to Oy? X ox _y@'

> Let (X,Y) ~ p.

» Take any ® € C?(R), and let ¢ = ®’. Putting f(x,y) = ®(x) in
(), we get

E(h(X)¢'(X) = Xp(X)) = 0.

Thus, X has the same law as W.

» Similarly, putting f(x,y) = ®(y), we get E(Y(Y)) = 0?E(¢'(Y)),
and thus, Y ~ N(0,02?).

> Note that these deductions are independent of the choice of r(x, y),

as long as p exists. Each valid choice of r(x, y) gives a coupling of
W and Z.
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Step Ill: The key lemma

Lemma
Suppose that the matrix valued function

. h(x)  r(x,y) \ . » e
Alx,y) = ( H(x, ) 2 is bounded, positive semidefinite, and

continous everywhere. Then there exists a probability measure . such
that for all f € C?(R?) satisfying certain mild conditions, we have

() / Lf dpu=0, where
R2

PF Pf | LPf  Of  Of

Lf(x,y) = h(X)ﬁ +2r(x,y) xdy o ay? xa — y@.

Note that
» The operator L is not uniformly elliptic.
» The domain of f is unbounded.
» The functions h and r need not be Lipschitz.
» Can be solved by stochastic process techniques. Will come back to
give a different, self-contained proof.
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Step IV: Positive definite completion

» Thus, finding r(x, y) is a problem of positive definite completion for

the incomplete matrix
h(x) 7
7 0% )

» Intuition: the more nearly singular the completion, the tighter the
coupling between the two coordinates.

» The ‘most singular choice’ is given by the geometric mean

r(x,y) = ov/h(x).

» Another choice: r(x,y) = h(x) A o2. This is not good: It brings us
back to Skorokhod embeddings. (Will not elaborate now.)
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Step V: Getting bounds

» With r(x,y) = oy/h(x), we have

0 f PFf | LPf of  of
Lf(xy) = h(X)f +20 ’

h(x)m +o 9,2 X T y@.
> With f(x,y) = & (x — y)?*, we get
Lf(x,y) = (2k = 1)(x = y)*2(V/h(x) — 0)* — (x — y)**.

> So, if E(Lf(X,Y)) =0 for all f, then

E(X — Y)* = (2k = DE((X — Y)ZH(\/ h(X) — o)?)
< (2k = )(E(X = Y)*) T (B(v/h(X) — 0))V/%.

» This gives
E(X — Y)* < (2k — 1)KE(\/h(X) — 0)?.

The proof of the lemma is completed by summing over k > 1.
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Proof of the key lemma

>

Let A be a continous bounded map from R? into the set of all 2 x 2
positive semidefinite matrices.

Take any probability measure . on R2. Suppose X ~ s, and let Z
be a standard gaussian random vector independent of X.

For each € > 0, let T.u be the law of the random vector

(1 -e)X+/2:A(X)Z,

where v/A denotes the positive definite square root of A. Then T is
a continuous map.

Suppose [|A(x)|| < b for all x € R?. Let K be the set of all
probability measures on R? satisfying

/xdu(x) =0 and /exp(u,x)du(x) < exp(b|[ul|?) for all u € R?.

Easy to verify that K is non-empty, compact, and convex.

» Main observation: For any 0 <e <1, T.(K) C K.

So, by the Schauder-Tychonoff fixed point theorem for loally convex
spaces, for every ¢ € (0,1), 3u. € K such that T.pu. = pe.
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Proof of key lemma contd.

» Since K is compact, Ju € K such that for some sequence ¢, | 0,
He, = H-
» Suppose X, ~ p.. Using the identity T.u. = ., we get that for

any f,
’ Ef((1 —e)X. + /2cA(X:)Z) = Ef(X,)

» Taylor expanding the LHS around X., dividing both sides by ¢, and
letting ¢ | 0 along {e,}, we end up with

(%) / Lf dp=0, where
R2

2f 82f 2
Lf(x,y) .= An(x, + 2A12(x + Ax(x,
(x,¥) 11( Y)a > 12( Y)a dy 22( y)8y
_ o of
X ox y@y'

» Thus, u satisfies our quest and completes the proof of the lemma.
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Completing the proof of the KMT theorem

We prove the following by induction on n.

Theorem
There exist positive universal constants C, K and \g such that the
following is true. Take any integer n > 2. Suppose €1, ...,&, are
exchangeable +1 random variables. For k =0,1,...,n, let Sy = Zf;l Ej
and let «
Wk = Sk — *5,7.
n
It is possible to construct a version of Wy, ..., W, and a standard
Brownian bridge (Bt)o<t<1 on the same probability space such that for
any 0 < A < Mg,
~ K\2S2
Eexp(A max |Wie — v/nByn|) < exp(C log n)E exp .
<n n
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How to carry out the induction

The main ingredient is the following result, which is proved using the
abstract lemma. (I won't go into more details.)

Theorem
Let ey,...,e, be n arbitrary elements of {—1,1}. Let 7 be a uniform
random permutation of {1,...,n}. Foreach1l < k < n, let

Se="", Ex(r), and let
kS

There exist universal constants ¢ > 1 and 6y > 0 satisfying the following.
Take any n > 3, any possible value of S,, and any n/3 < k <2n/3. It is
possible to construct a version of Wy and a gaussian random variable Z
with mean 0 and variance k(n — k)/n on the same probability space such
that for any 6 < 6,

ch?S2
Eexp(9|Wk—Zk)§exp(1+ >
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A few remarks about the intuition

> If E(Xp(X)) = E(¢'(X)h(X)) for all ¢, then the law of X is an
invariant measure for the diffusion

dXt - _Xtdt + \/ 2h(Xt)dBt

» Suppose we have independent diffusions
dX! = —Xldt +\/2n(X{)dBi, i=1,...,n.

> Let W, =n=/23""  X]. Then

dW, = —W,dt + n~/2> "\ /2h(X])dB].
i=1
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Intuition contd.

> If we define another process (B;):>o by

4B, = LiV2h(X])d;
i 2h(XE)

then Et is again a standard Brownian motion, and

" 2h(X!) ~
dW, = —W,dt + @da.

» Since E(h(X)) = E(X?) =: 02, therefore n=2>"7_| 2h(X{) ~ 202
with high probability. Thus, W, is ‘approximately’ an
Ornstein-Uhlenbeck process.

> If we define dZ; = —Z;dt + ﬁadét, then Z; is an actual O-U
process.

» Moreover, Z; and W; ‘come close’ at infinity. Our abstract lemma
gets its hands on (W, Zs).
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An important question

Recall:

Lemma
Suppose W is a random variable with E(W) = 0 and E(W?) < co. Let
T be another random variable, defined on the same probability space as
W, satisfying

E(Wp(W)) = (9 (W)T)

for all Lipschitz . Suppose |T| is almost surely bounded by a constant.
Then, given any o® > 0, we can construct Z ~ N(0,0?) on the same
probability space such that for any 6 € R,

20 . 2\2
Eexp(6|W — Z|) < 2 JEexp<29(T”)>.

o2

Does there exist a multidimensional version of this lemma?
Immediate consequence: Direct proof of KMT treating the problem as a
coupling of random vectors; possibly many other implications.
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Spin glasses

» Magnetic materials with strange behavior.
> Not explained by ferromagnetic models like the Ising model.

» Theoretically studied since the 70’s. An important example:
Sherrington-Kirkpatrick model.

» High temperature phase: Thouless-Anderson-Palmer. Low
temperature phase: Mézard and Parisi.
» Mathematically almost intractable until the late 90's.
> Early results due to Aizenman, Lebowitz, Ruelle ('87), Frohlich and
Zegarliniski ('87).
> Notable papers due to Comets and Neveu ('95), Shcherbina ('99)
etc.
> Series of breakthroughs from Talagrand (1998 - present).
» Groundbreaking contributions from Guerra & Toninelli ('02) and
Guerra ('03), taken to completion by Talagrand in 2006.

The Parisi formula. Ann. Math. (2) 163 no 1, 221-263.
> Still, a lot of mysteries.
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The Sherrington-Kirkpatrick model

» N spins. State space: Ty = {—1,1}V.

» Gibbs measure on ¥y for the SK model:

Gn(o) = Z,Vl exp<\/ﬂN Z gijoioj + hZU;)

i<j<N i<N

where
> (gij)i<j<n is a fixed realization of independent standard gaussian
random variables (the disorder),
> (3 and h are parameters,
» Zy is the normalizing constant (partition function).

» Notation:

(f(0)) == Y f(o)Gn(0).

gEYXN
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High temperature phase

» Let z be a standard gaussian r.v. Then

. |Og Zy
lim

N— oo

2
= log2 + Elog cosh(8z/q + h) + %(1 —q)?%,
where g is determined by

q = Etanh?(6z,/q + h).

Rigorously proven to hold for 5 < 1/2, all h (Talagrand).

» Conjectured description of the full high temperature regime: All

(8, h) such that
5 1

cosh4(ﬁz\/6 +h

The line where equality holds is called the Almeida-Thouless line.

)<1
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The Gibbs measure at high temperature

» Spins are approximately independent, i.e. with high probability,

<U"10"2 e U"k> ~ <U"1><U"2> e <Jik>'
This is a deep fact and surprisingly hard to prove. Both sides are
nondegenerate random variables in the limit.
» Moreover, <O’,‘1>, ceey <a,-k> are approximately i.i.d.
» First proved by Talagrand using his cavity argument.
» If h=0, then <a,-> =0 for all /.
» What if h # 0?7 No simple formulas for <01>, ey <0N>.
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The TAP equations

When (3, h) € the high temperature regime, the random quantities
(01),...,{on) satisfy

(o) ~ tanh (\/ﬁﬁ > giloj) +h— 31— q)<a,->>,

J#i
where g solves g = ]Etanhz(ﬂz\/a—i— h), z being a standard gaussian r.v.
» Discovered by Thouless, Anderson, and Palmer ('77).
Rigorous proof by Talagrand ('03) using the cavity method.

>
» Unique solution if 3 is smaller than a constant.
>

Talagrand also shows that <a,-> converges in law to tanh(5z,/q + h).
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The cavity method

» Basically, a very complex induction over N.

» Coefficient of oy in the Hamiltonian is
N—1
B
— gnjoj + h.
\/N J_Zl =]

» Replace this by an independent gaussian r.v. to get a new
Hamiltonian.

» Determine the mean and variance of this r.v. such that the annealed
measures remain 'approximately the same’.

» Using gaussian interpolation and a certain recursive argument,
Talagrand shows that it is possible to do this if 5 is sufficiently
small. This is the foundation of the cavity induction.

» We will follow a different route, starting from the next slide.
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Explaining the TAP equations: (I) Local fields

» Local field at site i:

1
ﬁ,- = ﬁzg[jdj.

JF#

» Easy to show: The conditional expectation of o; given (o})ji is
exactly tanh(3¢; + h).

» This gives the equations

(oj) = (tanh(B¢; + h)).

» Thus, if we knew the limiting distribution of ¢;, <O’,‘> could be
computed directly. But this was not known previously.
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Explaining the TAP equations: (II) The Onsager correction

» If X is a random variable with small variance, then
Etanh(aX + b) = tanh(aE(X) + b).

This is the usual mean-field approximation.

» Applying the naive mean-field logic (although Var(¢;) 4 0), we may
wonder whether

(o;) = (tanh(B6; + h)) ~ tanh (3(¢;) + h)
p
Not surprisingly, this is incorrect.
» In the TAP equations, we have

(oi) ~ tanh (\/ﬂN Zg,-j<aj> +h— 31— q)<a,~>>.
J#i

The extra term is called the Onsager correction term in physics.
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Onsager correction and mixture gaussians

> Let ¢, ,» be the gaussian density with mean . and variance % Let
Wp. 10,02 D€ the mixture gaussian density

¢P7H17H270'2 = p¢,u170’2 + (1 - p)¢/12702’

> Suppose pp > 1, and we define

M2 — 1 b—l p H%—Pq_

_—
202 20g1—p 402

a=

Then, if X ~ 1, 1, 1,02 then

Etanh(aX + b) = tanh(aE(X) + b — (2p — 1)a’c?).

» This is what happens! The local fields have mixture gaussian laws
and the highlighted term is the Onsager correction term.
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Our main result: Limit law of local fields

» Recall: The local field at site / is defined as

1
E,- = — 8ij0j.
m; j0j
» For each i/, let r; be the random variable
1
ri = —— ZgU<O'J> — ﬂ(l — q)<0’,'>.
\/N J#i

» Let v; be the (random) mixture gaussian probability measure with
density function

pi¢r,-+,8(17q),1fq + (1 - pi)¢r,-fﬁ(17q),lfqa

where
eﬁri+h

pi = FTh e BrF

» Under the Gibbs measure, v; approximates the law of ¢; for large N.
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Our main result: Limit law of local fields

Theorem
Suppose (3, h) is in the high temperature regime and q satisfies

qg= Etanhz(ﬁz\/aJr h),

where z is a standard gaussian r.v. Let {1, ...,{y be the local fields and
let vy, ..., vy be defined as in the previous slide. Then for any bounded
measurable f : R — R and any 1 < i < N, we have

2
C(3. hIfl3
E( {f(¢; —/fxu,-dx) < —r ==
(7~ [ an)) < S
where C(8, h) is a constant depending only on (3 and h.

> Recall: (0;) = (tanh(3¢; + h)). Taking f(x) = tanh(3x + h), the
TAP equations follow easily.

» Proof is by Stein's method.
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» Let X and Z be two random variables. Suppose we want to show
that they approximately have the same distribution.

» Basic steps in Stein's method:
1. Identify an operator T such that for all functions h,

E(Th(Z)) = 0.

(T is called a Stein characterizing operator.) For example, if Z is
standard gaussian, then Th(x) = h’(x) — xh(x) is a characterizing
operator.

2. Given a function f, find h such that

Th(x) = f(x) — E(f(2)).

Relate the properties of h to those of f.
3. By the definition of h it follows that

[Ef(X) — Ef(Z)] = [E(Th(X))]

Compute a bound on |E(Th(X))| by whatever means possible.
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Stein's method for gaussian approximation

» Let Z be a standard gaussian r.v. Then for all h,
E(h'(Z) — Zh(Z)) = 0.

Thus, Th(x) := W (x) — xh(x) is a characterizing operator for the
standard gaussian distribution.

» Thus, to show that a r.v. W is approximately standard gaussian, one
has to show that for all h,

E(H (W) — Wh(W)) = 0.
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Stein's method for mixture gaussians

» For the mixture gaussian density

p¢u1702 + (1 - P)(ZS,Q,UZ

the characterizing operator is

Th(x) = K (x) — <X02H — a-tanh(ax + b)) h(x),

where i, a, b are defined as
_ Pt pe P
2 202
1 P -

2 C1—p 402

)

» Appears to be naturally connected to physical models. Does not
occur in the literature on Stein’s method.

Spin glasses and Stein’s method

Sourav Chatterjee



The Approximation Lemma

Lemma

Suppose g = (g1, - - -
gaussian random variables, and hy, ...,

functions of g. Then

n n Bh, 2

E(Zgihi.zagi>
Oh; Oh;

_ZE(hz +Z (agjag,)

ij=1

,&n) Is a collection of independent standard
h,, are absolutely continuous

Idea: If the right hand side is small, then the lemma ‘generates’ the

equation

;gi i~ Zag,

Can be used to obtain Stein characterizing equations for highly complex
functions of gaussian random variables.
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» Consider the SK model with zero external field (the simple case):

o)~ 27t oo Ly 5 ).

i<j<N

» We wish to generate a characterizing equation for the local field at

site 1:
Ly
= — glj(fj.
VN
» Fix a smooth function f. Foreach j=2,... N, let
1
» Then

N
Y& = (Lf(4).

Jj=2

Sourav Chatterjee Spin glasses and Stein’s method



Example contd.

» On the other hand, an easy computation gives

oh; (f'(61)) + B(o1f(t1)) — B(ojf(£1)){o10})
0gyj N ’

» The 2nd term. Note that ¢; does not depend on o1, and the
conditional expectation of oy given o3, ..., oy is tanh(3¢1). Thus,

<0’1f(£1)> = <tanh(ﬁ£1)f(€1)>

» The 3rd term. It follows from the high temperature theory for § < 1
that for 2 <j < N,

(010)) = (o1)(9j) = 0.
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Example contd.

» Thus, if we can apply the Approximation Lemma, we get the
approximation

Zgljh ~ Z 8glj

which is equivalent to

(02F(ty) — F/ (1) — Btanh(Be1)F(61)) ~

» Now, the operator
Tf(x) = xf(x) — f'(x) — Btanh(B8x)f(x)

is a Stein characterizing operator for the mixture gaussian density

101+ 30_p51.

» This procedure ‘discovers' the limiting distribution of /1.
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When h # 0

» When h # 0, ¢; does not have a nonrandom limiting distribution.
The situation becomes more complex.
» Given a function u, we start with a solution f(x,y) of the p.d.e.

of X —
&(me) - ( Uzy - ﬁtanh(ﬁx—l— h)) f(Xay)

)2
B 3 cosh((Gt + h)e -5
= u(x) /Ru(t) 2m (1~ q) cosh(Byi 1+ WelP0-a) dt

» Then, defining

N
n = ﬁ Zglj<0'j> - B(1 = g){o1),

we let

by= (o = (o) s, m).

» The proof is completed by an application of the Approximation
Lemma with these h;'s.
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» By the TAP equations,
(o1) ~ tanh(Br + h),

where

1N
n = m;glj<0j> —p(1— Q)<01>-

» Thus, it suffices to find the limiting distribution of ry.
> Repeatedly integrating by parts, we can get

E(rlf(rl)) ~ q]E(f'(r1)<n1>)
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Distribution of <01> contd.

» Applying the Approximation Lemma with

g
hj =~ (015) = {o1)(e3),

we can show that (1) ~ 1.

» Combined with the earlier approximation

E(rnf(r)) NqE( n <771>)

this shows that E(rif(n)) =~ gE(f'(r)).

» Thus, r; is a gaussian r.v. with mean zero and variance g in the
large N limit.
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Summary and future directions

» Often in spin glasses and other models we have the situation that for
some random quantity X,

Etanh(aX + b) = tanh(aE(X) + b + a correction term).

» We show that this happens if the distribution of X is a mixture of
two gaussian densities.

» Following this line, we derive the TAP equations for the SK model
by showing that the local field is indeed a mixture of two gaussians
in the limit.

» Gives total variation error bounds.

» The key tool is the Approximation Lemma that generates
characterizing equations for Stein’s method.

» The Approximation Lemma can possibly be used to derive/discover
limiting distributions of other objects.

» Results apply only to the high temperature phase. Possible to
extend to low temperature???
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Stein’s method for concentration inequalities

Sourav Chatterjee
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Concentration inequalities

» Concentration inequalities give bounds on
P{|f(X) — Ef(X)| = x}

where X is some random variable, usually high dimensional, and f is
a well behaved (usually Lipschitz) function.

» Useful in a variety of fields. Important tool in combinatorics,
machine learning and theoretical computer science.

» Huge literature. Powerful results available for functions of
independent random variables.

» Not so much known in dependent settings.
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Stein’s method for concentration inequalities?

» Question: Can we use exchangeable pairs to get concentration
inequalities?

» Attempted by Stein in his book without success.

» Suppose (X, X’) is an exchangeable pair of random variables on
some space, F(X, X’) is an antisymmetric function and
f(X) = E(F(X, X")|X).

» Then for any g,

E(g(X)f(X)) = E(g(X)F(X, X")).

> Exchangeability =

E(g(X)F(X, X")) = E(g(X")F (X", X)).

> Antisymmetry =

E(g(X")F(X', X)) = —E(g(X")F(X, X")).
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» Combining, we get

» Taking g = f, we have the variance formula:

Var(f(X)) = %E((f(x) — F(X)FX, X))

» Example: Magnetization in Curie-Weiss model.
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Curie-Weiss model

» Configuration space of n spins: {—1,1}".
» Probability mass on this space:
pole) = 26 e (2 3y ).
1<J
Here (3 is a parameter and Z([3) is the normalizing constant.
> Magnetization: m(c) =137 0.
» Well-known: m(o) =~ tanh(8m(c)) with high probability.
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Say two configurations are “neighbors” if they differ at exactly one
site.

Get ¢’ from o by taking one step in the Gibbs sampler chain along a
random neighbor.

Set F(o,0’) = n(m(o) — m(c’)). Then

f(o) :=E(F(o,0")|0)

=m(o) — %Ztanh(ﬁmi(a))v

where m;(0) = £ 3, 0;.
Then |F(o,0")| < 2 and |F(o) — £(o)] < 2(1 + B)/n.
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» Thus,
var(m(o-) - gtanh(ﬁmf(ff))>

SE((f(o) = f(0"))F(o,0"))
< 2(1+ ﬁ).

n

» Finally, note that |m;(c) — m(c)| < 1/n. Combining, we get

20+5) 3

n n2

E(m(c) — tanh(Bm(0)))? <
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Tail bounds

We have the following moment and tail inequality version of the earlier
variance formula:

Theorem (Chatterjee '05)

Define 1
A(X) = 5E(|(f(X) — f(X'))F(X,X')||X).

Then for any positive integer p, we have
1£(X) = EF(X)[15, < (2p = D AX)][-
Moreover, if |A(X)| < C almost surely, then
P{|f(X) — Ef(X)| > x} < 2e7/2C

for each x > 0.

(Recall that: (X, X’) is an exchangeable pair, F is antisymmetric, and
E(F(X, X")IX) = f(X) - Ef(X).)
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> Let o(0) = E(e’f(X)).
» Using the same trick as before, we have

¢'(8) = E(e" (X))
= JE((e"1) - )X, X)),
> Using [eX — &| < 2(eX + &”)|x — y|, we get
#'(8) < 1IE(e” X A(X),

where
AX) = JE((F0) ~ FFOXX]|X).

> Similarly,
E(f(X)?) < (2p — DE(f(X)**?A(X))

and apply Holder's inequality.
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‘Self-bounded functions’

Before we give an example, let us state a refinement of the previous tail
bound:

Theorem (Chatterjee '05)

Suppose A(X) < Bf(X)+ C a.s. Then

P{|f(X) —Ef(X)| > x} < 0e—x"/(2C+2Bx)

for each x > 0.

While the moment bounds are generalizations of the
Burkholder-Gundy-Davis inequalities, and the first tail bound generalizes
the Hoeffding inequality, the above can be seen as an exchangeable pair
version of Bernstein's inequality.
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Example: Random permutations

Proposition
Let {ajj} be an n by n array of elements of [0,1]. Let m be a random
(uniform) permutation of {1,...,n}, and let W = 3"" | a;z(;y. Then for
any x >0,

P{W — E(W)| > x} < 2 /UEW)+2),

For instance, if aj = I{i = j}, then W is the number of fixed points of =
and E(W) = 1.
Sketch of Proof:
» Obtain ©’ by applying a random transposition to 7. Let
W' = W(r'").
> Let F(m,7') = %n(W - W.
» Easy: E(F(m,7')|7) = W —E(W) =: f(x).
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Proof (contd.)

> Using 0 < a; < 1, we can show

Ar) = SE((F(x) — F(x)F(m, 7))
= ZE((W = W')?|r)
< f(x) + 2E(W).

» Use Theorem.
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A further refinement

Lemma (Dey '08)

Suppose (X, X') be an exchangeable pair of random variables. Let
F(X, X", f(X) and A(X) be as before. Suppose that for some real
number o € [0, 1] we have

A(X) < BIF(X)|" + C
a.s. where B > 0, C > 0 are constants. Assume that
E(e? X |F(X, X")|) < oo for all 6.

Then for any t > 0, we have

t2—a
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Application: Curie Weiss model at Criticality (5 = 1)

» The Curie-Weiss model at inverse temperature 5 and zero external
field is given by the following Gibbs measure on {+1,—1}".

» For a typical spin configuration o of the complete graph on n
vertices, the probability of o is

P({o}) == Z; exp g > oio;

i<j

» There is a phase transition at 8. = 1 w.r.t. the magnetization

m(o) = 1 Y1 0.
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Constructing the exchangeable pair

» Consider the Glauber dynamics, i.e., Given a configuration o get a
new configuration o’ as follows: choose a coordinate / u.a.r. from
[n] and replace o by a random spin drawn from the conditional
distribution given the spin of all the neighbors.

» We have E[o; | gj,j # i] = tanh(m;) where

m; = mi(o) = n~? Zaj = m(o) — o;/n.
JF#i

» Define the antisymmetric function

F(o,0') = n(m(o) — m(a')) = o) — o).
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Bounding the A function

» Clearly

n

f(o) = E[F(o,0') | o] = % > (0i — tanh mi(c))
i=1
= m — tanh(m) + O(n™1).

» Using Taylor expansion we have

n|f(o) — f(a')| < 2(1 — |sechm(a)|?) + 6072,

» Now tanh|m| < |m| and |m|®> < 5|m — tanh(m)| implies that

|A(0)| < 6n|f()[?2 + 1207573,
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Concentration

» Now applying the lemma with o = 2/3, B = 6n~! we have

(2—a)

P(|m| > t) < P(|m — tanh(m)| > £3/5) < e~ = ge—bnt*

for some constant b.

Theorem (Chatterjee & Dey '08)

Suppose o is drawn from the Curie-Weiss model at the critical
temperature 3 = 1. Then, for any n > 1 and t > 0 the magnetization
satisfies

P(|n'/*m(o)| > t) < 8exp(—bt*)

for some absolute constant b > 0.
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An application to large deviations

For each r,s € (0,1), let

r 1—r
/ = rlog — 1—1r)l .
(r.5) = rlog - + (1 r)log {—

Theorem (Chatterjee & Dey '08)

Let T, be the number of triangles in G(n, p), where p > po, with
po = 2/(2 + €3/2) ~ 0.31. Then for any r € (p, 1],

]P’(T,, > (’3’) r3> - exp<"2'(2r’p)(1 + 0(n1/2))>.

Moreover, even if p < pqg, there exist p', p"” such that p < p’' < p" <1
and the same result holds for all r € (p,p’) U (p”,1].
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» Long history of concentration inequalities for subgraph counts. The
problem of the upper tail is one of the well known hard problems in
random graph theory.

» Best available results for triangles are due to Kim and Vu (2004).

» Our theorem gives the first exact computation of the rate function.
Only upper and lower bounds were available till now.

» We do not say anything about sparse graphs.

Sourav Chatterjee Stein’s method for concentration inequalities



Approach

» We have to consider a Gibbs measure on the space of graphs on n
vertices, with Hamiltonian

exp (ﬁ #Triangles
n

+ h#Edges — ¥, (5, h))

» If 3 =0, this is just G(n, p) with p = ef/(1 + eh).
> 1F B £ 0, balB, h) =7
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Solution in a “high temperature regime”

> Define g: [0,1] = R as

e,8x2+h

&0 = T emen

» Theorem. If (§, h) € a certain 'high temperature region’, there is a
unique p, = p«(0, h) € [0,1] such that p. = g(p«), and
i Yo(B:h) _ Bpi | hp.  p.logp.
n—oo n2 6 2 2
(1— ps)log(1— p.)
2

» Physical solution by Juyong and Newman ('05). Predicts phase
transition.
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Sketch of proof

» Suppose a random graph is drawn from the Gibbs measure. Let

1 if (i,j) is an edge
X = ,
0 otherwise.

> Let LU = %Zk€{i,j} Xik)<jk-
» Main step: A temperature free result. Let

eﬁx+h
o) = Temn
Then with high probability,
1 ..
Lj~ - Z o(Lik)p(Ljx) forall i, j,
kg {i.j}

irrespective of 3 and h.

» Proof of the main step: By defining an appropriate exchangeable
pair and an antisymmetric function and applying the theorem.
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Sketch of proof contd.

» Using similar techniques, can also show other temperature free
results:

#Edges ~ Y (L)

i<j
and
#Triangles ~ > o(Ly)e(Li)e(Li)-

i<j<k

» Finally, when (8, h) € a certain ‘high temperature region’, the
system of equations

Xj = D b)), L<i<j<n
kg {i.j}

has a unique solution at x;; ~ p~1(p,) for all i, j.
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Sketch of proof contd.

» Using monotonicity of ¢, it is possible to conclude that with high
probability, L; =~ ¢~ (p,) for all i, ;.

» Since the Hamiltonian is

h

this allows us to ‘replace’ it by a linear function of the Xj's (i.e.
independence).

» Resulting model is quite different, but certain characteristics are
approximately the same, e.g. normalizing constant, correlations,
central limit theorems, etc.
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