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Large deviations

» Take any smooth f : [0,1]” — R.

» Let Y =(Y1,...,Ys) be a vector of i.i.d. Bernoulli(p)
random variables.

» Goal of large deviations theory: Find an approximation for the
upper tail probability P(f(Y) > t) when t is much bigger
than E(f(Y)).

» Classical large deviations theory well-suited for linear f, in
great generality.

» May be quite nontrivial even for very simple nonlinear f.
Problems tackled on ad hoc basis.

» For example, the large deviations theory for the number of
triangles in a random graph, which is just a polynomial of

degree 3, uses Szemerédi's regularity lemma (C. & Varadhan,
2010).
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Goal of this work

» For x = (x1,...,x%n) € [0,1]", define

n

Io(x) = Z(x,- Iog% +(1— x)log * _X"> .

i=1 1-p

v

For each t € R, define

¢p(t) :==inf{lp(x) : x € [0,1]" such that f(x) > tn}.

v

In many problems, it turns out that

P(f(Y) > tn) = exp(—¢p(t)) - (*)

v

In particular, this is true in great generality for linear functions.

v

We give a sufficient condition under which the above
approximation is valid for nonlinear maps.
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Low complexity gradient condition

Theorem (C. & Dembo, 2014. Very rough statement.)
The approximation (x) is valid when, in addition to some
smoothness conditions on the function f, the gradient vector

Vf(x) = (0f/0x1,...0f /0xn) may be approximately encoded by
o(n) bits of information.

> We call this the “low complexity gradient” condition.
» Actual statement of the theorem involves a disgracefully messy
error term arising out of the smoothness conditions on f.

» Many notable results on sharp upper and lower bounds for tail
probabilities of nonlinear functions (Talagrand, Kim, Vu,
Latata, ....) that hold up to constant factors in the exponent,
but no results about the precise approximation (*).

» Some preliminary work in C. & Dey (2009).
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Example 1: 1D lsing model

> Let
n—1
f(x) = ZX;X,'+1 .
i=1
» Then, for2 <i<n-1,

of

= X1+ X1
Ox; ! "

» Thus, for this f, the gradient vector cannot be approximately
encoded by o(n) many bits. To know Vf(x), even
approximately, we need to know the values of all the x;’s.

» One can check that the approximation (x) is not valid for
this f.
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Example 2: Curie-Weiss model

> Let 1
fx)== > xx
1<i<j<n
» For each i/,
xi 1<
1
LR W

J#l Jj=1

» Thus, for this f, the gradient vector is approximately encoded

by the single quantity n=1 " x;.

v

The large deviation probabilities for this function satisfy the
approximation (*).
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Example 3: Subgraph counts in sparse random graphs

» Let T be the number of triangles in an Erdés-Rényi random
graph G(N, p).

> Then 1

=5 RS
ik

where Yj; is the indicator that edge {/,/} is present in the
graph.

» Let n = N(N —1)/2 and let us agree to denote elements of
R" as x = (xjj)1<i<j<n, With the convention that x; = 0 and
xji = xjj. Define a function f : R" — R as

N
1
f(X) = N idgl X,'J'Xijk,' .

» The plan is to apply the main theorem to this f.
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Example 3 contd.

» Note that

ax N Zx'kxjk +325(x)
ij

» To apply the main theorem, we need to show that a;(x)'s
may be approximately encoded by o(/N?) bits.
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Example 3 contd.

>

v

v

v

v

Note that for any x and y,

N

1
(aj(x) — aij()’))z =2 (XikXje — YikYj) (Xixjo — Yaryjn) -
N
ij=1 ikl
Consider one pair of terms in the expansion:

1
m Z (X,‘kakX,‘/Xj/ - Xik>9'ky/'lyjl) :
iJ,k,l

This term may be written in a telescoping manner as
1 1
2 Z XikXjwXit(Xjr — yji) + 2 Z XieXji (Xit = Yir) it -
i ok, i ok,
Let M(x) be the matrix whose (i, j)th entry is x;.

Consider the first sum. If i and k are fixed, then the sum in j
and / is a quadratic form of the matrix M(x) — M(y).

Sourav Chatterjee Nonlinear large deviations



Example 3 contd.

» This shows that the first sum is bounded by
NIIM(x) = M(y)llop ,

where ||M(x) — M(y)||op is the L? operator norm of the
matrix M(x) — M(y).

» Similarly bounding other terms, we get

D (ai(x) = a5(y))* < CN[M(x) = M(y)lop

i

where C is a universal constant.
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Example 3 contd.

» Fact from linear algebra: For any k, M(x) may be
approximated by a rank k matrix with O(Nk~1/2) error of
approximation in the operator norm.

» Another easy fact: A rank k matrix may be encoded by
O(Nk log N) bits.

» Thus, taking 1 < k < N/log N, and combining with the
inequality

NZZau 3y < CM(x) ~ My

it is now easy to see how the a;j(x)'s may be approximately
encoded by o(N?) bits.

» This proves the low complexity gradient condition for triangle
counts. The proof for general subgraph counts is a messy but
straightforward generalization of the above argument.
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Example 3 contd.

» What is the precise result for triangle counts?

» For x = (xjj)1<i<j<n, define

Xij 1—x;
Ip(x) == Z (x,-j Iog% + (1 — x;) log 1 :)

1<i<j<N B

and

1
T(x) := 6 Z Xij Xk Xki »
ij.k

where x;; € [0,1] and x;; = x;, x;i = 0.
» For u > 1 define

Yp(u) :==inf{lp(x) : T(x) > uE(T)},
where T is the number of triangles in G(N, p).

Sourav Chatterjee Nonlinear large deviations



Example 3 contd.

Theorem (C. & Dembo, 2014.)
For u > 1 and N sufficiently large (depending only on u),

33/29
clogN < Pp(u) <14 C(log N)

1-— Ve )
N1/6p2 = —logP(T > uE(T)) — N1/29p42/29

where ¢ and C are constants that depend only on u.

» In particular,

Yp(u)
—logP(T > uE(T))
if N — oo and p — 0 slower than N~1/42(log N)1/14,

» There is no reason to believe that this should be the optimal
threshold for the validity of the approximation, but at least it
allows a polynomial rate of decay for p, which is possibly
better than anything that may be obtained by a Szemerédi
type argument.
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Example 4: Three term arithmetic progressions

Let A be a random subset of Z/nZ, constructed by keeping
each element with probability p, and dropping with probability
1—p.

Let X be the number of pairs (i, ) € (Z/nZ)? such that
{i,i+j,i+2j} CA.

For x € [0,1]%/"%, let I,(x) be defined as before.

> Let

v

v

v

Hp(u) = inf{lp(x) ' x € [0, l]Z/nZ

such that Z XiXijXi+2j > UE(X)} .
ijEL/nZ
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Example 4 contd.

Theorem (C. & Dembo, 2014)
For any u > 1,

Op(u)
—log P(X > uE(X))
<14 CnY29p=162/29(1og )33/29

1—cn /0

p Clogn <

where C and c are constants that may depend only on u.

> This theorem gives an approximation for the upper tail of the
number of three-term arithmetic progressions in random
subsets of Z/nZ, even when the random subset is allowed to
be a little sparse (p > n~1/12(log n)33/162),
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Example 5: Exponential random graphs

The main theorem gives an error bound in the approximation of
normalizing constants in exponential random graph models, which
are extensively used in the study of social networks. Previous work
of C. & Diaconis (2013), based on Szemerédi's lemma, gave
limiting formulas but no error bounds. Will skip this example in
this talk.

Sourav Chatterjee Nonlinear large deviations



Why sub-optimal?

» The sub-optimality of the error bounds is probably due to the
sub-optimality of the smoothness conditions in the main
theorem.

» The proof, in its current form, has scope for improvement. It
would be interesting to see if an optimal theorem can be
proved along these lines.
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Precise statement of the main theorem

» The main theorem follows as a consequence of a more general
theorem about normalizing constants, which | state below.

» For any f :[0,1]" — R, let ||f| denote the supremum norm

of f.
"Lt of 0%f
fi = — fij = ———.
ox; andfy Ox;0x;
> Define

a:=|fll, bi:=|[fil and cj:=Ilf.

» Given € > 0, let D(e) be a finite subset of R” such that for all
x € {0,1}", there exists d = (di, ..., d,) € D(e) such that

i=1
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Precise statement contd.

» For x = (x1,...,xn) €10,1]", let
n

I(x) := Z(x,- log x; + (1 — x;) log(1 — x;)) .
i=1

F :=log Z el

x€[0,1]”

> Let

» Given € > 0, define

n

1 1/2
complexity term := n (n b,2) €+ 3ne + log|D(e)|, and

i=1
n 1 n 1/2
: 2 2
smoothness term := 4(;(%;,- +b7) + 7 .Zl(ac,-j + bibjcij + 4b,-c,-j))
i= ij=
1/, <& % n N\ 1/2 n
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Precise statement contd.

Theorem (C. & Dembo, 2014)
For any e > 0,

F < sup (f(x)—1(x))+ complexity term + smoothness term,
x€[0,1]"

and

F> sup (f(x)—I(x))— %Zcﬁ.

x€[0,1]” i—1
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Proof sketch

» Let X = (Xi,...,X,) be a random vector that has probability
density proportional to ef*) on {0,1}" with respect to the
counting measure.

» For each i, define a function %; : [0,1]” — [0,1] as
%) =B | X =, 1<) < n, j#1).

» Let X:[0,1]" — [0,1]" be the vector-valued function whose
ith coordinate function is X;.

> Let X = X(X).
» The first step in the proof is to show that if the smoothness
term is small, then

f(X) ~ f(X) with high probability.
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Proof sketch contd.

» To show this, define

h(x) := f(x) — f(X(x)).
» Let u;(t, x) := fi(tx + (1 — t)X(x)), so that

h(x) = / x;i — Xi(x))ui(t, x) dt.
» Thus, if D := f(X) — f(f(), then

E(D?) = /ZE ((Xi — Xi)uj(t, X)D) dt . (1)
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Proof sketch contd.

» Let X() denote the random vector _
(X1,..., Xi—1,0, Xi41,...,X,) and let D; := h(X().

» Then note that u;(t, X(i))D; is a function of the random
variables (Xj);.; only.

» Therefore since X; = E(X; | (Xj)j=£i),

E((X; — Xi)ui(t, X'D;) = 0.
» Thus,
E((X; — Xi)ui(t, X)D)
= E((X; — Xi)ui(t, X)D) — E((X; — X;)ui(t, X)) D;) .

> If the smoothness term is small, then u;(t, X) ~ u;i(t, X())
and D =~ D;. Together with the identity (), this shows that

A

f(X) = f(X) with high probability.



Proof sketch contd.

» Define a function g : [0,1]"” x [0,1]" — R as

g(x,y) = Z(X/ log yi + (1 — x;) log(1 — yi)) -

» By a similar argument as above, it is possible to show that if
the smoothness term is small, then with high probability,

N

g(X, X) ~ g(X,X) = 1(X).

> Let A be the set of all x where f(x) ~ f(%X(x)) and
g(x, %(x)) = 1(x(x)).
» Since X € A with high probability,

ZXEA ef(X) ~
ZXG{O,I}" ef)
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Proof sketch contd.

» Therefore
F = log Z of () |ng of (%)
XE{O,I}" xEA
~ log Z of (%(x)) = 1(5(x))+g(x,%(x))
XEA
» Now let € be a small positive number.

v

Using the set D(e), it is easy to produce a set D'(¢) C [0, 1]"
such that |D(e)| = |D’(€)], and for each x there exists

p € D'(e) such that X(x) ~ p.

For each p € D'(e) let P(p) be the set of all x € {0,1}" such
that X(x) =~ p.

v
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Proof sketch contd.

» The crucial fact is that for any p € [0, 1]",

Z e8(P) — 1.

x€{0,1}"

» Therefore,
log Z of (X)) =1(%(x))+&(x.x(x))
xEA

< log Z Z F(X(x))—1(%(x))+g(x,%(x))

peD!(c) xeP(p)

~ log Z Z —1(p)+g(x.p)

p€ED/(¢) XEP( )

<log Y &P1P) <log|D'(e)| + sup (f(p)—1(p)).
peD'(9) pelo.L”

» This completes the proof sketch for the upper bound. The
lower bound is a lot simpler, so I'll skip that.
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» The main result gives an approximation for the tail
probabilities of arbitrary smooth functions of independent
Bernoulli random variables.

» The approximation holds when the gradient of the function in
question has low complexity.

» Applications are given to large deviations for sparse random
graphs, three-term arithmetic progressions in random subsets
of integers, and exponential random graph models.

» Open problems: Longer arithmetic progressions, optimal levels
of sparsity in the subgraph count problem, cleaner version of
main theorem, etc.
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