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Directed polymers

I Let (ωv , v ∈ Z2) be i.i.d. N(0, 1) random variables.

I Let Pn be the set of all paths in Z2 of length n starting from the
origin, and moving only up or right at each step.

I Such an up-right path is known as a directed polymer of length n.

I For each p ∈ Pn, let

ω(p) :=
∑
v∈p

ωv .

I The energy of a path p is −ω(p). This defines the standard model
for directed polymers in a Gaussian environment.

I The minimum energy path (of length n) is called the ground state of
the system.

Sourav Chatterjee Chaos, concentration, and multiple valleys



Directed polymers

I Let (ωv , v ∈ Z2) be i.i.d. N(0, 1) random variables.

I Let Pn be the set of all paths in Z2 of length n starting from the
origin, and moving only up or right at each step.

I Such an up-right path is known as a directed polymer of length n.

I For each p ∈ Pn, let

ω(p) :=
∑
v∈p

ωv .

I The energy of a path p is −ω(p). This defines the standard model
for directed polymers in a Gaussian environment.

I The minimum energy path (of length n) is called the ground state of
the system.

Sourav Chatterjee Chaos, concentration, and multiple valleys



Directed polymers

I Let (ωv , v ∈ Z2) be i.i.d. N(0, 1) random variables.

I Let Pn be the set of all paths in Z2 of length n starting from the
origin, and moving only up or right at each step.

I Such an up-right path is known as a directed polymer of length n.

I For each p ∈ Pn, let

ω(p) :=
∑
v∈p

ωv .

I The energy of a path p is −ω(p). This defines the standard model
for directed polymers in a Gaussian environment.

I The minimum energy path (of length n) is called the ground state of
the system.

Sourav Chatterjee Chaos, concentration, and multiple valleys



Directed polymers

I Let (ωv , v ∈ Z2) be i.i.d. N(0, 1) random variables.

I Let Pn be the set of all paths in Z2 of length n starting from the
origin, and moving only up or right at each step.

I Such an up-right path is known as a directed polymer of length n.

I For each p ∈ Pn, let

ω(p) :=
∑
v∈p

ωv .

I The energy of a path p is −ω(p). This defines the standard model
for directed polymers in a Gaussian environment.

I The minimum energy path (of length n) is called the ground state of
the system.

Sourav Chatterjee Chaos, concentration, and multiple valleys



Directed polymers

I Let (ωv , v ∈ Z2) be i.i.d. N(0, 1) random variables.

I Let Pn be the set of all paths in Z2 of length n starting from the
origin, and moving only up or right at each step.

I Such an up-right path is known as a directed polymer of length n.

I For each p ∈ Pn, let

ω(p) :=
∑
v∈p

ωv .

I The energy of a path p is −ω(p). This defines the standard model
for directed polymers in a Gaussian environment.

I The minimum energy path (of length n) is called the ground state of
the system.

Sourav Chatterjee Chaos, concentration, and multiple valleys



Directed polymers

I Let (ωv , v ∈ Z2) be i.i.d. N(0, 1) random variables.

I Let Pn be the set of all paths in Z2 of length n starting from the
origin, and moving only up or right at each step.

I Such an up-right path is known as a directed polymer of length n.

I For each p ∈ Pn, let

ω(p) :=
∑
v∈p

ωv .

I The energy of a path p is −ω(p). This defines the standard model
for directed polymers in a Gaussian environment.

I The minimum energy path (of length n) is called the ground state of
the system.

Sourav Chatterjee Chaos, concentration, and multiple valleys



Perturbation of the environment

I Let (ω′v ) be another set of i.i.d. N(0, 1) random variables.

I For each t ≥ 0, we can define a perturbation of the environment
(ωv ) as

ωt
v = e−tωv +

√
1− e−2tω′v .

I Note that (ωt
v ) is again an i.i.d. N(0, 1) environment, for any t.

I When t ' 0, (ωt
v ) is a small perturbation of (ωv ).

I In statistics and probability, a small perturbation is often defined as
replacing ωv by independent copies at a small number randomly
chosen sites. That is, large change in a small number of coordinates.

I What we have is small change in all coordinates.

I The two notions of perturbation seem to have the same macroscopic
effects.
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Chaos in directed polymers

I Fix n, and let p̂ be the ground state (optimal path) of length n in
the environment (ωv ), that is,

p̂ := argmaxp∈Pn
ω(p). (Recall: ω(p) =

∑
v∈p

ωv )

I For each t ≥ 0, let p̂t be the optimal path of length n in the
t-perturbed system.

I Chaos: For all t ≥ t0(n), where limn→∞ t0(n) = 0, the paths p̂ and
p̂t are ‘almost disjoint’ with high probability.

I ‘Almost disjoint’ means |p̂ ∩ p̂t | = o(n).

I Notable physics papers: Huse, Henley & Fisher (1985), Y.-C. Zhang
(1987), Mézard (1990), Fisher & Huse (1991), Hwa & Fisher
(1994), etc.

I No rigorous results.

I Similar conjectures for many other models.
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(1987), Mézard (1990), Fisher & Huse (1991), Hwa & Fisher
(1994), etc.

I No rigorous results.

I Similar conjectures for many other models.

Sourav Chatterjee Chaos, concentration, and multiple valleys



Chaos in directed polymers

I Fix n, and let p̂ be the ground state (optimal path) of length n in
the environment (ωv ), that is,

p̂ := argmaxp∈Pn
ω(p). (Recall: ω(p) =

∑
v∈p

ωv )

I For each t ≥ 0, let p̂t be the optimal path of length n in the
t-perturbed system.

I Chaos: For all t ≥ t0(n), where limn→∞ t0(n) = 0, the paths p̂ and
p̂t are ‘almost disjoint’ with high probability.

I ‘Almost disjoint’ means |p̂ ∩ p̂t | = o(n).

I Notable physics papers: Huse, Henley & Fisher (1985), Y.-C. Zhang
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Chaos in directed polymers: A rigorous result

Theorem
Fix n, and let t0 = (log n)−1/2. Then for any t ≥ t0,

E|p̂ ∩ p̂t | ≤ Cn√
log n

where C is a universal constant.
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Another example: Eigenvectors of random matrices

I Suppose A is an n × n Hermitian random matrix with i.i.d. complex
Gaussian off-diagonal entries and i.i.d. real Gaussian diagonal entries
(GUE).

I Let A′ be independent copy of A, and for each t, let
At = e−tA +

√
1− e−2tA′.

I Let ut be the first eigenvector of At , normalized to have unit norm.

Theorem
For t ≥ n−1/6,

E|u0 · ut | ≤ Cn−1/6,

where C is a universal constant and x · y is the usual inner product on Cn.

I Here the state space is Sn−1 and the energy of x ∈ Sn−1 is −xT Ax .
The first eigenvector is the ground state.
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Example of a non-chaotic field

I Let X1, . . . ,Xn be i.i.d. standard Gaussian r.v.

I For each σ = (σ1, . . . , σn) ∈ {−1, 1}n, let

Z (σ) =
n∑

i=1

Xiσi .

I The maximizer σ̂ of Z (σ) is simply given by

σ̂i = sign(Xi ).

This is not chaotic.

I Important open question in spin glasses: If Xij are i.i.d. Gaussian, is
the field Z (σ) =

∑
Xijσiσj chaotic?
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Anomalous fluctuations of the ground state energy

I The energy ω(p) of a typical path p has variance of order n.

I Physicists conjecture that the ground state energy, ω(p̂), has
variance of order n2/3.

I Standard techniques from concentration of measure all give
Var(ω(p̂)) ≤ Cn.

I We have proved that

Var(ω(p̂)) ≤ Cn

log n
.

I Proof uses hypercontractivity of the O-U semigroup (Nelson
(1973)), in the way that it was used for bounding variances by
Talagrand (1994), and introduced in the context of percolation by
Benjamini, Kalai, & Schramm (2003).

I Incidentally, Johansson (2000) showed via a miraculous connection
with random matrices, that the variance is of order n2/3 when ωv are
i.i.d. Geometric random variables.
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The multiple valley picture

I Physicists conjecture that with high probability, there are many
nearly disjoint paths that are nearly optimal.

I We have proved a precisely formulated version of this conjecture.

Theorem
There are constants `n →∞, γn → 0, εn → 0, and δn → 0 such that
with probability at least 1− γn, there is a set A of paths (of length n)
satisfying

1. |A| ≥ `n,

2. |p ∩ p′| ≤ εnn for all p, p′ ∈ A, p 6= p′, and

3. ω(p) ≥ (1− δn)ω(p̂) for all p ∈ A.

(Exact quantitative version is available.)
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A general framework

I Instead of the set of paths, we take a general set S .

I Instead of energies of paths, we take an arbitrary collection of mean
zero Gaussian random variables X = (Xi )i∈S (possibly correlated).

I Instead of |p ∩ p′| as a measure of proximity of two paths p and p′,
we take

R(i , j) := E(XiXj)

as a measure of proximity of the indices i and j .

I A perturbation of X is defined as

Xt := e−tX +
√

1− e−2tX′

where X′ is an independent random vector having the same
distribution as X.

I Instead of the optimizing path we consider the optimizing index
I t := argmaxi∈S X t

i .
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General framework contd.

I The following definitions can be made precise by considering
sequences of Gaussian fields instead of a single one.

I Suppose, w.l.o.g., that maxi∈S Var(Xi ) = 1.
I We say the X exhibits chaos if E(R(I 0, I t)) ≈ 0 with high probability

for t ≥ t0 ≈ 0.
I Precise version: We call a sequence of Gaussian fields Xn chaotic if
∃ tn → 0 such that

lim
n→∞

supt≥tn E(Rn(I 0
n , I

t
n ))

maxi∈Sn Var(Xn,i )
= 0.

I We say that X exhibits anomalous fluctuations or
superconcentration if Var(max Xi ) ≈ 0.

I We say the X has multiple peaks (or valleys) if with probability ≈ 1,
there exists a large set A ⊆ S such that for each i , j ∈ A, i 6= j , we
have R(i , j) ≈ 0, and Xi ≈ maxj∈S Xj for every i ∈ A.

I By being more demanding about the definition of near-maximality,
one can define strong multiple peaks.
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The main result

Theorem
For any sequence Xn of Gaussian fields, we have

Strong Multiple Peaks
=⇒
6⇐=

Superconcentration ⇐⇒ Chaos.

Moreover, under the positivity assumption that R(i , j) ≥ 0 for each i , j ,

Strong MP
=⇒
6⇐=

Superconcentration ⇐⇒ Chaos
=⇒
6⇐=

Multiple Peaks.
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Proof of superconcentration ⇐⇒ chaos

I Gaussian integration by parts: For any smooth g ,

E(Xig(X)) =
∑
j∈S

R(i , j)E
(
∂g

∂xi
(X)

)
.

I Recall: Xt = e−tX +
√

1− e−2tX′.
I Let f (X) be a smooth approximation of maxi∈S Xi . Then

Var(f (X)) = E
[
f (X)(f (X)− f (X′))

]
= E

(
−
∫ ∞

0

f (X)
d

dt
f (Xt)dt

)
= E

(
−
∫ ∞

0

f (X)
∑
i∈S

(
−e−tXi +

e−2tX ′i√
1− e−2t

)
∂f

∂xi
(Xt)dt

)
.

I Applying Gaussian integration by parts, one gets

Var(f (X)) =

∫ ∞
0

e−tE
(∑

i,j∈S

R(i , j)
∂f

∂xi
(X)

∂f

∂xj
(Xt)

)
dt.

I The integral approaches
∫∞
0

e−tE(R(I 0, I t))dt as f (X)→ max Xi .
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Proof contd.

I Thus, if τ ∼ Exp(1),

Var(max
i

Xi ) = E(R(I 0, I τ )). (1)

I If Pt is the |S |-dimensional Ornstein-Uhlenbeck semigroup and γ is
the standard Gaussian measure on R|S|, then it is possible to express
E(R(I 0, I t)) as ∫

(Pt/2h)2dγ

for some function h : R|S| → R.
I Since Pt is a semigroup and an L2-contraction, it follows from the

above representation that E(R(I 0, I t)) is a decreasing non-negative
function of t.

I From this and (1) we can deduce that

E(R(I 0, I t)) ≤ Var(max Xi )

1− e−t
and

Var(max Xi ) ≤ (1− e−t) max Var(Xi ) + E(R(I 0, I t))e−t .

This proves the equivalence of chaos and superconcentration.
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Chaos =⇒ Multiple Peaks

I Chaos =⇒ if we perturb the system a little bit, the new location of
the maximum, I t , is far away from the old location I 0, in the sense
that R(I 0, I t) ≈ 0.

I However, the system was perturbed only a little bit, so X t
i ≈ Xi for

all i . In particular, X t
I t ≈ XI t .

I Again, since the value of the maximum is concentrated, X t
I t ≈ XI 0 .

I Thus, XI t ≈ XI 0 , which means that we have found a location I t that
is far away from the original maximum I 0, but is still nearly a global
maximum.

I Iterating this procedure, we can find many such points.

I If the motion of I t does not have big jumps, then we have bridges
between distant near-maxima. Can prove for eigenvectors.
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I Iterating this procedure, we can find many such points.

I If the motion of I t does not have big jumps, then we have bridges
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The Sherrington-Kirkpatrick spin glass

I N particles, each having spin +1 or −1.

I The p-spin SK model defines the energy of a configuration
σ ∈ {−1, 1}N as

Hp(σ) = −N−(p−1)/2
∑

i1,...,ip

gi1i2···ipσi1σi2 · · ·σip ,

where gi1i2···ip are i.i.d. N(0, 1) random variables.

I Generalized SK model: given c = (c2, c3, . . .) such that cp ≥ 0 for all
p and

∑∞
p=2 cp = 1, let

Hc(σ) :=
∞∑

p=2

√
cpHp(σ).

I Introduced by Sherrington & Kirkpatrick in 1975. Source of a large
body of groundbreaking physics and deep mathematics, culminating
in Talagrand’s proof of the Parisi formula in 2006. Still, many open
questions.
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Fluctuation exponent

I Let σ̂ be the configuration with minimum energy (i.e. the ground
state).

I For a typical σ, HN(σ) has fluctuations of order N1/2.

I Physics conjecture: The ground state energy has fluctuation
exponent 1/6, which means that HN(σ̂) has fluctuations of order
N1/6. (Somewhat dubious.)

I The Gaussian isoperimetric inequality implies that fluctuation
exponent is ≤ 1/2.

I No existing method can show that the fluctuation exponent is < 1/2.

I We show that, under a certain domination condition on the
sequence c, the fluctuation exponent is ≤ 3/8.

I The proof uses a new technique, that may have the potential to be
developed as an alternative to hypercontractivity for variance
bounds.
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The domination condition

I We know that
∑∞

p=2 cp = 1. So limp→∞ cp = 0. What we want is
that cp does not decay to zero ‘too fast’, in the following sense.

I We require that for each r ≥ 2,

r∑
p=2

cp ≤
r∑

p=2

c∗p ,

where c∗p are the coefficients in the power series expansion of the
function

I (x)

2 log 2− I (x)
,

where I (x) is the entropy function

I (x) =
1 + x

2
log(1 + x) +

1− x

2
log(1− x).

I c∗p ≥ 0 for all p and
∑∞

p=2 c∗p = 1.

I Unfortunately, does not cover the classical p-spin models.
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Chaos and multiple valleys in spin glasses

I Chaos: a small perturbation of the energy landscape causes the new
ground state to be almost orthogonal to the old one.

I Chaos is one of the two most important conjectures about
mean-field spin glasses. No rigorous proof in any nontrivial model.

I We have a proof of chaos with precise bounds under the domination
condition.

I Similar remark for multiple valleys: no rigorous results in the
literature; we can prove under the domination condition.
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Other examples

Besides the stated examples, we have proved chaos, multiple valleys, and
anomalous fluctuations in a number of other models:

I The Kauffman-Levin NK fitness model from evolutionary biology.

I The discrete Gaussian free field on a two-dimensional torus.

I Continuous Gaussian fields in Euclidean spaces.

I Branching random walk with Gaussian increments.
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Summary

I We say that the maximum height of a Gaussian field is
superconcentrated if its variance is negligible compared to the
classical concentration bound.

I We show that superconcentration has two important implications:
chaos and multiple peaks. In fact, chaos is equivalent to
superconcentration.

I Chaos: Small perturbation of field drastically shifts the location of
the global maximum.

I Multiple peaks (or valleys): Many mutually distant points all of
which are nearly global maxima.

I Applications to polymers, spin glasses, fitness models, the Gaussian
free field, eigenvectors of random matrices, Gaussian fields on
Euclidean spaces, branching random walks.

I Not discussed in the talk: (a) Modifications of the hypercontractive
method, and (b) an alternative to hypercontractivity that can reduce
fluctuation exponents to < 1/2 rather than just logarithmic
improvements.
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